Low Threshold Parametric Decay Instabilities in ECRH experiments at
  toroidal devices by Gusakov, E. Z. & Popov, A. Yu.
   
 
Low Threshold Parametric Decay Instabilities in 
ECRH experiments at toroidal devices 
 
E  Z Gusakov, A Yu Popov  
Ioffe Institute, St. Petersburg, Russia 
 
e-mail: Evgeniy.Gusakov@mail.ioffe.ru 
 
Abstract. The experimental conditions leading to substantial reduction of backscattering 
decay instability threshold in ECRH experiments in toroidal devices are analyzed. It is 
shown that drastic decrease of threshold is provided by non monotonic behaviour of plasma 
density, which is often observed due to so-called density-pump-out effect or presence of 
magnetic islands, and by poloidal magnetic field inhomogeniety making possible 
localization of ion Bernstein decay waves. The corresponding ion Bernstein wave gain and 
the parametric decay instability pump power threshold is calculated. The possible 
experimental consequences of easy backscattering decay instability excitation are discussed. 
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1. Introduction 
Electron cyclotron resonance heating (ECRH) at power level of up to 1 MW in a single 
microwave beam is often used in present day tokamak and stellarator experiments and planed 
for application in ITER for neoclassical tearing mode island control. Parametric decay 
instabilities (PDI) leading to anomalous reflection or absorption of microwave power are 
believed to be deeply suppressed in tokamak MW power level ECR O-mode and second 
harmonic X-mode heating experiments utilizing gyrotrons [1-3]. According to theoretical 
analysis of PDI thresholds [1-3], the typical RF power at which these nonlinear effects can be 
excited at tokamak plasma parameters is around 1 GW, which is only possible with free 
electron laser application. The physical reason for such a deep suppression is provided by 
strong convective losses of the daughter waves from the decay region either in the plasma 
inhomogeniety direction or along the magnetic field [1-3]. In the first case the daughter waves 
amplification in the narrow region, where the decay condition 1 2 0 0k k k k∆ = − − = , ( 1k , 
2k  and 0k  - wave numbers of two daughter waves and pump, correspondingly), is fulfilled in 
inhomogeneous plasma, is described by the so called Piliya – Rosenbluth coefficient [4-6]  
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where 0γ  - is the maximal PDI growth rate in homogeneous plasma, proportional to the pump 
wave amplitude, 1v  and 2v  - the daughter wave group velocities and ( )
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As it is clear from this formula the PDI threshold can be lowered by the growth of the pump 
   
 
field or/and by decrease of the daughter wave group velocity. Both effects occur in the case of 
induced backscattering in the vicinity of the pump wave upper hybrid resonance (UHR) [7] 
explaining easy PDI excitation in EBW heating experiments. Until recently it was the only 
situation where backscattering PDI was observed in toroidal devices at 100 kW ECRH power 
level [8]. This mechanism of the PDI threshold lowering is however not applicable to the first 
harmonic O-mode and second harmonic X-mode heating experiments where no UHR exists 
for the pump wave. Therefore it is taken for granted that wave propagation and absorption in 
these experiments is well described by linear theory and thus predictable in detail.  
However during the last decade a “critical mass” of observations has been obtained 
evidencing presence of anomalous phenomena in ECRH experiments at toroidal devices. First 
of all, non local electron transport was shown to accompany ECRH in some devices 
indicating that the RF power is not deposited in the regions predicted by standard theory, but 
is rather redistributed very quickly all over the plasma [9]. Secondly, fast ion generation and 
ion heating was observed during ECRH pulse under conditions when energy exchange 
between electrons and ions should be very low [10]. And finally, last year the first 
observations of the backscattering signal in the 200 – 600 kW level second harmonic ECRH 
experiment at Textor tokamak were reported [11, 12]. This signal down shifted in frequency 
by approximately 1 GHz, which is close to the lower hybrid or ion Bernstein (IB) wave 
frequency under the Textor conditions, was strongly modulated in amplitude at the m=2 
magnetic island frequency. This observation performed at the modest RF power under 
conditions when no pump wave UHR was present provides an indication that probably a low 
threshold PDI excitation is possible in ECRH experiment at certain conditions which are 
somehow associated with the presence of a magnetic island in tokamak discharge.  
The novel low threshold mechanism of the PDI excitation was proposed in [13, 14] based on 
analysis of the actual Textor density profile. It was shown that the local maximum of the 
plasma density which is usually observed in the O-point of magnetic island at Textor [15, 16] 
can lead to localisation of the low frequency ion Bernstein (IB) decay wave and thus to 
suppression of IB wave convective losses in radial direction. A more complicated 2D analysis 
of the IB wave propagation accounting for the poloidal inhomogeniety of magnetic field in 
toroidal plasma have shown possibility of IB wave localisation in the poloidal direction as 
well [17]. The threshold of the strict backscattering PDI was calculated in this case and shown 
to be more than four orders of magnitude lower than predictions of standard theory (in the 
range of 50 kW for the Textor experiment parameters). 
   
 
In the present paper we give a more detailed description of the analysis of backscattering PDI 
accompanying the second harmonic ECRH experiment in toroidal device in the case of local 
plasma density maximum. The treatment is not limited to the case of strict backscattering. The 
IB wave amplification due to the PDI is calculated and corresponding thresholds are 
evaluated. The experimental conditions under which the proposed mechanism can be of 
importance are discussed. 
 
2. The basic equations 
To elucidate the physics of the PDI amplification we use the most simple but nevertheless 
relevant to the experiment [12] Cartesian co-ordinate system ( , , )x y z  with its origin located at 
the mid-plane of the torus, the x − axis being opposite to the major radius R and the ,y z  co-
ordinates imitating poloidal and toroidal directions, respectively. For the sake of simplicity we 
assume the pump frequency exceeding both the electron cyclotron and plasma frequency so 
that the following strong inequality holds: 2 2 2,i pe ceω ω ω≫ , which is the case in the TEXTOR 
electron cyclotron resonance heating experiments. We neglect also a weak dependence of the 
high frequency wave numbers on coordinate that allows us to introduce the pump wave in the 
form ( , ) exp( )iy i ix iE a y z ik x i tω= −  describing a wide microwave beam propagating from the 
launching antenna inwards plasma in the tokamak (stellarator) mid-plane with amplitude 
2 1/2 2 2 2[8 / ( )] exp[ ( ) / 2 ]i ia P c y zπ πρ ρ= − + , where iP  is the pump wave power and ρ  is the 
beam radii. The almost backscattered X-mode wave is introduced as 
( ) exp( )sy s sx sy sE a r ik x ik y i tω= − − −

, sx syk k≫ . The basic equations describing the 
backscattered wave generation and its convective losses from the decay region as well as the 
low-frequency, i s iω ω ωΩ = − ≪ , electrostatic IB wave ( )expE i tϕ= −∇ Ω
 
 are as follows: 
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The nonlinear current in (2) 
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≃  is given by a product of an 
electron density perturbation nδ Ω  produced by a low-frequency small scale decay wave and 
the quiver electron velocity iyu  associated with the pump wave. The nonlinear charge density 
   
 
ρΩ  in (3), generated by the ponderomotive force, is responsible for coupling of low and high 
frequency waves. In the LH frequency range it takes a form 
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. In weakly inhomogeneous plasma the operator Dˆ  
in the integral equation (3), exhibiting much stronger dependence on the first argument r r′−
 
 
than on the second - ( ) 2r r′+  , associated with the plasma inhomogeneity, can be 
represented as  
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(The integrals throughout the paper, if it is not determined in another way explicitly, are 
evaluated over the interval [−∞ ,∞  ].) The electron susceptibility ,eχ  entering expression (4) 
is provided by cold homogeneous plasma model in the form 
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, where 
wave vector components along and across magnetic field are given correspondingly by 
cos sinz yq q qφ φ= + , 
2 2 1/2( ( cos sin ) )x y zq q q qφ φ⊥ = + − , where tan /pol torB Bφ = . For the ion 
susceptibility iχ  we use the representation derived in [18], which is valid for 2 ciω ω>  
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3. The simplified model.  
Taking into account that the PDI amplification is enhanced when the daughter wave group 
velocity decreases [4-6] we shall consider solutions of (2), (3) in the vicinity of the low 
frequency wave turning point  in x direction ( 0x x= ). Here conditions 0 0 0, , 0| | 0xq xD DΩ ≡ = ,  
0/ | 0xD q∂ ∂ =  hold for wave at frequency 0Ω = Ω , wave numbers 0x xq q= , 0yq =  and its 
group velocity goes to zero. Due to periodicity of cot( )ciπ ωΩ  function solution of equations 
   
 
0| 0D =  and 0/ | 0xD q∂ ∂ =  is not unique and, as it was shown in [14, 17], it is easy to find one 
approximately satisfying the pump Bragg backscattering condition ( 0x ix sxq k k+≃ ). Moreover, 
in attempt to explain the extremely low pump power level at which backscattering correlated 
to magnetic activity was observed in [11, 12] we shall, following [13, 14], make use of  non 
monotonous profile of plasma density often observed 
by diagnostics possessing high temporal and spatial 
resolution in the vicinity of magnetic islands [15, 16, 
19]. Namely, we assume, as it is shown in experiment 
[16], that a local density maximum is associated with 
the island O - point and therefore conditions 
0
/ 0D x∂ ∂ =  and 2 2 0/ | 0D x∂ ∂ >  hold in its vicinity 
(been slightly shifted from the density maximum due 
to magnetic field inhomogeniety). In these 
circumstances two nearby turning points ( “warm” to “hot” mode) can exist in plasma for high 
harmonic IB wave and it can be trapped in x direction, if additional condition 2 2 0/ | 0xD q∂ ∂ >  
holds. The corresponding density profile and IB wave dispersion curve ( )xq x  calculated for 
frequency 0 0.86 GHzΩ = , ion temperature 500 eViT =  is shown in figure 1. The described 
possibility of IB wave localization in a plasma waveguide provides an argument in favor of 
the PDI threshold lowering in the case of the waveguide eigen mode excitation. The physical 
reason for it is related to the suppression of convective wave energy losses in the 
inhomogeniety direction. It is important to note that due to magnetic field dependence on 
major radius IB wave trapping is possible also in the poloidal direction. It occurs when IB 
wave is excited with small parallel wave number close to the equatorial plane at the low 
magnetic field side of the torus. To illustrate the above conclusions we treat the dispersion 
relation for the IB wave 0D = , where D  is given by equation (4), using ray tracing 
procedure for Textor experimental conditions [15] accounting for dependence of the magnetic 
field on two coordinates ( ) ( ) ( )0 0, / ,ci cix y R R R x yω ω= ⋅  with 0R  and R  being major radii at 
the magnetic axis and in the actual point and taking ( ) 1 22 20 0/ | 5xq D x cm
−
∂ ∂ ≈ . We neglect 
here small perturbations of the magnetic field associated with the island and keep in our 
simulation only the equilibrium magnetic field.  Then, we find numerically a solution of the 
set of Hamiltonian equations  
 
Figure 1. The IB wave dispersion curves (solid line) 
and plasma density (dash dotted line) in the magnetic 
island vicinity. Dashed line - kix+ksx, 0 0.86 GHzΩ = , 
500 eViT = .  
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describing the ray behavior in the 4D phase space ( ) ( ), ; ,x yr x y q q q= =
 
 in a vicinity of the 
turning point of the IBW located near the O-point of the 
magnetic island. We introduce above 10/ |ds dt D
−= ∂ ∂Ω  , 
where s is an effective IBW trajectory length. Evaluating 
(5) for different initial poloidal and radial wave numbers 
with the starting point of simulation at (0,0)sr =

results in 
dependencies of trajectory coordinates on its “length” 
( )y s , ( )x s  and in phase portraits ( )xq x  and ( )y yq q y=  shown in figures 2 - 4. As it is seen 
in figure 2 and figure 3, the phase portraits justify the finite behavior of the 4-D ray trajectory 
in both x and y direction, and therefore proves the 2D trapping of the ray and, as a result, of 
the IB wave. IB waves possessing small enough poloidal wave number are localized close to 
equatorial plane and do not cross the high harmonic ion cyclotron 
resonance layer, thus not suffering from heavy damping. The 
corresponding oscillatory trajectory behavior is presented in 
figure 4. Upon making Taylor expansion of the dispersion relation 
D=0 at 0 0( ,0)xq q=

 and  0 0( ,0)r x=

 up to the first non-vanishing 
terms we reduce the integral equation (3) to   
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where we assume cos 1φ ≈  and introduce new notations  
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. The amplitude 
( )0exp cotzb iq x iq z yϕ φ⊥= + − ⋅    in (6) corresponds to the IB wave propagating almost 
perpendicular to magnetic field and the perturbation term 
 
Figure 2. The phase portrait 
0( )x xq x q− ,  
1
0
59.7 ,
x
q cm−=
0 0.86 GHz,Ω = 500 eViT =
 
Figure 3. The phase portrait ( )yq y , 
0 0.86 GHz,Ω = 500 eViT = . 
 
Figure 4. Radial (dashed curve) and 
poloidal (solid curve) ray position 
versus trajectory “length”.  
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is describing the diffractive losses in the toroidal direction (the first term) and IBW damping 
(the last one). We introduce also the notation: 3 30 0 0/ |x xq D q D q⊥′′′ = ∂ ∂ . In this consideration 
we neglect weak poloidal and moreover very weak toroidal density inhomogeniety in the 
magnetic island and therefore suppose wave number zq  constant. 
 
The PDI analyses and discussion 
Assuming the IB wave damping, PDI pumping and convection in toroidal direction weak we 
account for them using the perturbation theory approach [20]. In the zero order approximation 
we neglect Dδ  and ρΩ  in (6) and obtain equation which can be solved by separation of 
variables. The corresponding expression for the IB eigen mode trapped in radial and poloidal 
direction and possessing 0zq = , which describes propagation without convective losses in 
toroidal direction, is given by  
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where kH  is standing for Hermitian polynomial, the size of the IB mode localization region is 
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which is supposed to be positive, as it is in 
the Textor experiment. The exact value of the mode frequency is determined by following 
quantization condition  
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At the next step of the perturbation analysis procedure we account for IB wave damping, PDI 
pumping and convection in toroidal direction. Expressing the BS wave amplitude from (2) in 
terms of the IB wave potential and introducing 0x ix sxK q k k∆ = − −  we obtain the nonlinear 
charge density in the form 
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Substituting the zero order solution (8) into this expression and in Dδ  and requiring no 
variation of the eigen frequency klδΩ  with the accuracy up to the first order we obtain 
equation for the toroidal wave number determining damping or PDI amplification of the IB 
wave 
( ) ( ) ( ) ( ) ( ) ( ) ( )( ){ }04 exp 0k l k l k l x zx y D x y x y iq x iq ycot z dydxϕ ϕ δ ϕ ϕ πρ ϕ ϕ φ
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(9) 
The necessary condition for the PDI onset is provided by excess of the pump contribution to 
zq over the damping contribution. When the ion cyclotron harmonic is far from the IB wave 
trapping region ( ( ) / 1ci z tim qω υΩ− ≫ ) the damping is negligible and the imaginary part of 
toroidal wave number zq′′  is given by expression 
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For the fundamental mode 0k =  and 0l =  we get 
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The exponential term in the later expression is related to mismatch of decay conditions in 
radial and poloidal direction leading to suppression of nonlinear three-wave coupling.  
In the case of wide pump beam 2 1 yl cotρ δ φ> +  the sufficient condition for the PDI onset is 
given by expression 2 2 1zqπ ρ ′′Γ = >  determining large enough gain of the IB wave when 
propagating across pump beam along toroidal direction. In the opposite case at 
2 1 yl cotρ δ φ< +   the  poloidal gain over the IB mode localization region provided by 
exponential factor [ ]exp ziq ycotφ  dominates and the PDI threshold takes a form 
   
 
2 2 1 cot 1y zl qδ φ ′′Γ = + > . Dependence of this gain on the IB radial mode number, computed 
accounting for the IB wave damping, is shown in figure 5 for case ( ( )arctan 2sy sxk kϑ ≡ =  ). 
Computations are performed for poloidal IB mode (l=0), TEXTOR experiment parameters 
and different plasma densities. As it is seen, because of radial decay condition mismatch 
( 0K∆ ≠ ) the gain is not always maximal for the fundamental radial mode. Nevertheless a  
substantial gain is predicted 
by theory for the routinely 
used ECRH power of 400 kW. 
As it is shown in figure 6, the 
backscattered wave frequency 
corresponding to the maximal 
gain is decreasing with the 
plasma density increase. This 
dependence is consistent with 
corresponding dependence of 
the back scattered wave frequency shift observed in [12]. Dependence of the gain on poloidal 
scattering angle calculated for IB mode numbers k=0, l=0 (dashed curve) and k=0, l=1 (solid 
curve) is shown in figure 7 for Textor parameters. As it is seen there substantial amplification 
of trapped IB wave is foreseen for scattering angles in the range 10ϑ ≤  . It should be 
underlined that at sufficiently high amplification value it can lead to excitation of absolute 
PDI which grows slower, but saturates at much higher level due to nonlinear effects. The later 
instability can lead to strong anomalous reflection and, as a result, to fast variation  of heating 
power deposition profile. The PDI power threshold provided by condition 1Γ >  is given by 
formula 
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In the case of typical TEXTOR experimental parameters ( 19 kGsH = , 140 GHzif = , 
13 -33 10 cmn = × , 500 eViT = , 1 cmρ = ) assuming for magnetic island density variation 
0.11n nδ =  and width 2 cmw = , as measured in [16], we obtain for the fundamental IB 
mode (k=0, l=0) and 0ϑ =   the threshold value 50 kWthP ≈  which is overcome in the 
experiment. The corresponding frequency shift 0 0.923 GHzΩ =  is close to that observed in 
  
Figure 5. Dependence of the IB wave 
gain on the radial mode number at l = 
0; P = 400 kW, Ti = 500 eV, 
02ϑ = ; 
Circles – n = 2·1013 cm-3, Ω0 / 2π = 
0.832 GHz;  Stars  - n = 3·1013 cm-3,  
Ω0 / 2π  = 0.923 GHz.  
Figure 6. Dependence of the frequency 
of the scattered wave corresponding to 
maximal IB wave gain on plasma 
density. (Triangles - Ti = 300 eV; Circles 
- Ti = 600 eV; Stars - Ti = 900 eV).  
   
 
the experiment [12], 0,0 / (2 ) 5.7 MHzδ πΩ = , 1.1 cmyδ = , 0.6 cmxδ =   and 1xKδ∆ ≪ . It is 
important to stress that the backscattering PDI threshold is overcome at typical gyrotron 
power range not only in medium scale devices, but also in reactor scale machines at  fusion 
conditions. For example, Figure 
8 shows the PDI gain 
dependence on scattering angle 
calculated for ITER conditions 
(P = 1 MW, 50 kGsH = , 
170 GHzif = , 
14 -310 cmn = , 
5 keViT = , 5 cmρ = ) assuming 
for magnetic island density 
variation 0.1n nδ =  and width 10 cmw = . As it is seen, very high gain close to 105 is 
expected there which may lead to substantial anomalous reflection of heating power already at 
the convective instability stage without excitation of absolute PDI. 
 
4. Conclusions 
The drastic, compared to predictions of the standard theory [1-3], decrease of the PDI 
threshold shown in this paper is explained by complete suppression of IB wave radial and 
poloidal convective losses and their substantial reduction in the third direction. This 
mechanism is based first of all on non-monotonous dependence of plasma density on radial 
coordinate. Such a dependence observed in tokamaks in the presence of magnetic islands [15, 
16] is associated with their magnetic confinement properties which, we believe, are not 
specific for the TEXTOR experimental conditions (see for instance [19]) and may lead to easy 
PDI excitation in ECRH experiments in other toroidal devices where magnetic islands usually 
exist. In the absence of magnetic islands the hollow density profiles are also often observed 
during ECRH experiments, in particular in stellarators, where they are explained by a density 
pump out effect [21].  Moreover it should be mentioned that not only magnetic islands, but 
also blobs and drift wave density perturbations, which are as well elongated along magnetic 
field, in the case of intensive enough turbulence can result in IB wave trapping. Similar effect 
leading to reduction of PDI threshold can occur also on the plasma discharge axis.  
Another important feature of the low threshold PDI onset mechanism is related to the poloidal 
inhomogeniety of magnetic field in toroidal devices. It provides the possibility of IB wave 
  
Figure 7. Dependence of the IB wave 
gain on the poloidal scattering angle 
for Textor parameters; P = 400 kW, 
Ti = 500eV, n = 3·10
13 cm-3, Ω0/2π = 
0.923 GHz. Dashed curve – k = 0, l = 
0; solid curve – k = 0, l = 1.  
Figure 8. Dependence of the IB 
wave gain on the poloidal scattering 
angle for ITER parameters; P = 1 
MW, Ti = 5 keV, n = 10
14 cm-3, 
Ω0/2π = 2.31 GHz. Dashed curve – k 
= 0, l = 0; solid curve – k = 0, l = 1. 
   
 
localization in poloidal direction at the low magnetic field side of the torus (in the equatorial 
plane in the tokamak case).  
Backscattering PDI can lead to reduction of ECRH efficiency and extremely fast change of its 
localization providing an alternative explanation for the so called “nonlocal electron transport 
effect” [9]. Absorption of parametrically driven IB wave can be responsible for ion 
acceleration often observed in ECRH experiments (see [17] and references there).  
It should be stressed that backscattering PDI is potentially dangerous for the ECRH 
neoclassical magnetic island control method planned for application at ITER. In this relation 
understanding of physical mechanism of density peaking in the island and development of 
methods of its control is very important on one hand. On the other hand methods of control 
and suppression of backscattering PDI which were developed in small scale model 
experiments [22, 23] deserve more attentive study and testing in large scale ECRH 
experiments.  
 
5. Acknowledgments 
Financial support by RFBR grants 10-02-90003-Bel, 10-02-00887, NWO-RFBR Centre of 
Excellence on Fusion Physics and Technology (grant 047.018.002) and scientific school 
grant- 6214.2010.2 is acknowledged. 
  
6. References 
[1]  Litvak A. G. et al. 1993 Phys. Fluids B 5 4347 
[2] Porkolab M. et al. 1988 Nucl. Fusion 28  239 
[3] Cohen B. I. et al. 1991 Rev. Mod. Phys. 63 949 
[4] Piliya A. D. 1971 Proc. 10th Conf. Phenomena in Ionized Gases (Oxford) 320 
[5] Rosenbluth M. N.1972 Phys. Rev. Lett. 29 564  
[6] Piliya A. D. 1973 Zh. Eksp. Teor. Fiz. (Sov. Phys. - JETP) 64 1237 
[7] Gusakov E. Z. et al. 2007 Plasma Phys. Control. Fusion 49 631 
[8] Laqua H. P. 2007 Plasma Phys. Control. Fusion 49 R1 
[9] Andreev V.F. et al. 2004 Plasma Phys. Control. Fusion 46 319  
[10] Rapisarda D. et al. 2007 Plasma Phys. Control. Fusion 49 309 
[11] Oosterbeek J. W. et al. 2008 Rev. Sci. Instrum. 79 093503 
[12] Westerhof E. et al. 2009 Phys. Rev. Lett. 103 125001 
[13] Gusakov E.Z. et al. 2009 In: Proceedings of the 18th Topical Conference Radio 
Frequency Power in Plasmas, AIP Conf. Proc. 1187 645; doi:10.1063/1.3273834   
   
 
[14] Gusakov E.Z. et al. 2010 JETP Letters 91 655  
[15] Donne A. J. H. et al. 2005 Phys. Rev. Lett. 94 085001 
[16] Kantor M. Yu. et al. 2009 Plasma Phys. Control. Fusion 51 055002 
[17] Gusakov E. Z. et al. 2010 Phys.Rev.Lett. 105 115003 
[18] Piliya A. D. et al. 1994 Plasma Phys. Control. Fusion 36 2059  
[19] Kornev V.A. et al. 2005 Plasma Physics Reports 31 803  
[20] Gusakov E. Z. et al. 1979 Plasma Phys. Reports 5 827 
[21] Idei H. et al. 1995 Fusion Engineering and Design 26 167 
[22]  Arkhipenko V. I. et al. 2008 Phys. Rev. Lett. 101 175004  
[23] Arkhipenko V. I.  et al. 2009  Plasma Phys. Control. Fusion 51 125005 
 
 
 
 
